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Abstract--Unsteady-state simultaneous heat and mass transfer between air and aqueous solution 
are investigated to predict the liquid-phase heat- and mass-transfer coefficients. Expressions have been 
derived in rectangular, cylindrical and spherical co-ordinates, by combination of the film theory and the 
penetration theory. The effect of initial condition on the transfer coefficients is emphasized in these 

systems. 

NOMENCLATURE 
a~j, boundary condition parameters as defined 

by equation (14); 
C, concentration [kg/m3]; 
D, diffusion coefficient [mS/hi; 
h, heat-transfer coefficient [kcal/m 2 h degC]; 
H, humidity [kg/kg]; 
k, mass-transfer coefficient [kg/m 2 h AH]; 
K, over-all mass-transfer coefficient [kg/m 2 

h AH]; 
L, characteristic length [m]; 
m, constant in equation (5) [(kg/kg)/degC]; 
n, constant in equation (5)[(kg/kg)/(kg/ma)]; 
N, mass flux [kg/m 2 h]; 
q, heat flux [kcal/m 2 h]; 
r, radial co-ordinate [m]; 
t, temperature [°C]; 
U, over-all heat-transfer coefficient [kcal/m 2 

h degC]: 
x, rectangular co-ordinate [m]; 
aL, A/pCv = thermal diffusivity [mS/h]; 
~, dimensionless ratio as defined by equation 

(35); 
y, latent heat of evaporation [kcal/kg]; 
[, dimensionless quantity as defined by 

equation (61); 
~7, dimensionless quantity as defined by equa- 

tion (57); 
O, time [h]; 
A, thermal conductivity in liquid-phase 

[kcal/m h degC] 
~, x/L or r/R; 

~b, dimensionless parameter 
equation (63); 

Sh, Sherwood number, Lk/D; 
Nu, Nusselt number, Lh/A; 

as defined by 

Overline 
- ,  time-average value; 

Subscripts 
G, gas phase quantity; 
i, value at interface; 
L, liquid phase quantity; 
m, average value; 
0, initial or over-all value. 

INTRODUCTION 
IN RECENT years, simultaneous heat and mass 
transfer in the air and aqueous solution systems, 
as well as in the air-water system, have become 
an important problem of chemical engineering 
concerning dehumidification with dehydrating 
solutions, such as lithium chloride solution and 
triethylene glycol. It must be emphasized that for 
such systems the vapor-liquid equilibria depend 
upon not only temperature but liquid composi- 
tion, and that there exist mass-transfer resistances 
on both gas and liquid sides. These facts neces- 
sarily cause the effects that the heat-transfer 
rate depends upon the mass-transfer rate, which 
in turn depends upon the heat-transfer rate. 

In the present work the unsteady-state 
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simultaneous heat and mass transfer between 
phases are investigated. Combining the film 
theory and the pentration theory, the concentra- 
tion and temperature profiles are obtained as a 
function of the contact time of the interface, 
and then the prediction of the liquid-phase heat- 
and mass-transfer coefficients is discussed. Some 
modification of the development described here 
may be applied to the problems of simultaneous 
heat and mass transfer in gas absorption, 
distillation, and so on, one of which has recently 
been reported by Modine, Parrish and Toor [1]. 

BASIC EQUATIONS AND THEIR SOLUTIONS 

First let us consider the simplified unidi- 
mensional transport model, as shown in Fig. 1. 

Gas phase 

1so 

%0 

Gas f i l m  L i q u i d  phase  
i 
i 
I 
I 
] 

, 
i 

0 

G a s -  l i qu id  i n l e r f a c e  

FIG. 1. Concentration and temperature profiles. 

This problem is formulated by making the 
following assumptions [2, 3]: 

(1) The film theory is applicable to the gas 
phase transfer. The transfer coefficients k 6, 
and ha, the bulk concentration He,0, and 
the bulk temperature re,0 are constant. 

(2) The penetration theory is applicable to the 
liquid phase transfer. 

(3) The two phases are in equilibrium at the 
interface. In addition, the gas-liquid 
equilibrium relationship is linear. 

(4) The sensible heat effects of mass transfer 
are ignored in both phases. 

(5) The physical properties remain constant. 
(6) The surface renewal effect is neglected. 

Under these assumptions, the diffusion equa- 
tion is 

~)C b2C 
t~ ~ -:: DL bx, z (1) 

with the initial and boundary conditions 
at 

0 - - 0 ,  C - -  CLo, (2a) 

at 

x : O ,  N ~ - - - -  D L ? X  = k a ( H e , o - - H i ) ,  
X = 0  

(2b) 

at 

x = ~ ,  C = finite. (2c) 

The energy equation is 

~t ~2t 
b O = a L  • ~x2,  (3) 

with the initial and boundary conditions 
at 

0 == O, t - -  tLO, (4a) 

at 

x - - 0 ,  

at 

~t r A . . . . .  he. (tea - 
q ~ : : - -  ~)xz=o 

tO + ~ • k a  ( H c o  - -  Hi),  (4b) 

(4c) x ~ ,  t = finite. 

The equilibrium relationship is given by 

H , = m .  t ~ + n .  C i + b .  (5) 

The gas concentration Co0 corresponding to the 
bulk gas state (Hco ,  re,o) is defined by 

Hao = m . t c o + 1 7 .  Cco  + b. (6) 

It is convenient to define the following di- 
mensionless quantities: 

- -  x / L ,  (7) 

C(x,  O) - CLo 
y (~, 0) = C . o  . . . .  c L 0 -  ' (8) 

t (x,  O) - tLo 
z(~:,0) = - . (9) 

t6,o - tL0 
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The set of  equations may now be expressed as 
the single matrix equation 

e~' = K .  ~ 5 '  ( 1 0 )  
8 0  a~'  

with the initial and boundary conditions 
at 

0 = 0 ,  y = O ,  ( l l a )  
at 

~=o = (DL/L) ( ~ o -  CL.) 
q~ 

= d - - A  . y l ,  ( l lb )  

( l lc )  
at 

= ~ ,  y = finite. 

where 

o) = [y o) 1, : ry (o, o) 1, (12) 
[ z  (~, Ü)j [z (o, e)j 

K : [ D L / o L 2 0  ] , A : lUll a12], 
aL/L 2 La21 a22] 

e : [bl] ,  (13) 
[b~] 

in which 

k a  • n k a m ( t c o - -  tLO) ] 
a n  -- DL/L ' a12 = (DL/L) (CGo --  CLO) I 

• kan  ( C a o -  CLO) 
a2i = ( A / L ) ( t a o - -  tLO) ' ~ (14)  

ha ÷ ykGm 

J a22 -- A/L 

b i = a i i q - a i z ,  b 2 = a 2 i q - a 2 2 .  

This equation can be solved by means of  
Laplace transform (see Appendix) to obtain the 
following concentration and temperature 
profiles: 

y (x, 0) v ' (DL) /L~  Ei  (x, 0, fli) - ~1-~#~ LOll 

- -  c12 E i  ( x ,  0, #2)] ,  0 5 )  

V ( . L ) / L ,  
z (x, 0) -- - - - - ~ -  l.C21 • E2 (x, 0, ill) #i -/~2 

- -  C22 E2 (X, O, #2)], (16) 

where [x ]  
Ei (x, O, fl) = erfc 2V/~DLO) --  exp ~ L )  

q- ~ 0 ] .  erfc [fiX/(0)-~- 2~/(~L0)]' (17) 

E2 (x, 0, f l ) =  erfc - - .~[2~-'~L~] - - e x p  [ ~ )  

~ = I A I = a H  a ~  - -  a~  ~1 = 

h ek  en 
DLA/L 2 

hi = 1 [x/(DL) • a l i  q- V(aL)  • a22] 

k an %,/(aL) (h a -k y k  am) 
--  V ( D L )  -k A 

V ( D 5  . aL) V(aL)  
h 2  = . ( ~ - -  L 2 v / ( D L ) ,  h 

hakan  (19) 

hi -[- V(h 2 -- 4h2) 
# i - -  2 - - '  

hi - <(h~ -- 4h2) 

# 2 =  2 

fli -- #2 ---- V(h 2 --  4h2) 

c l l  = b l  - -  ~ V ( ~ L ) / L # I ,  

ci~ = b l  - -  ¢ V ( ~ L ) / L &  

c2i = b2 - -  trV(DL)/LfI, 
c22 : b2 --  aV(DL)/Lfl2.  

The interfacial concentration and temperature 
may now be obtained by setting x = 0  in 
equations (15) and (lb"): 

C~. - -  C L O  ~¢/(DL)/L [Cll Eo (0, ill) 
y~ (0) --  Cao --  CLO --  -~i Z ~  

- -  c i2  Eo (0, #z)] ,  (20)  

t ~ -  tLO V/(aL)/L 
z~ (0) - -  tao - -  tLO -- #i -- #2 [c2t E0 (0, #i) 

- -  c22 Eo (0, f12)], (21) 
where 

Eo (0, fl) = Ei (0, 0, fl) = E~ (0, 0, fl) 
: 1 -- exp (ffz0) . erfc [fl~/(0)]. (22) 
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The dimensionless mass- and heat- transfer rates 
are given by 

N~ 
( D L / L )  (Cao  - -  CLo) 

1 
=/31 --/3~ {cll t31 exp (/3120) erfc [/31~/(0)] 

- -  c lz  flz exp (/320) . erfc [/32~/(0)] }, (23) 

qi 

1 
-- fll -- fi2 {c21 fll exp (fit0) erfc [fil~/(0)] 

-- Cz2 flz • exp (/3220) . erfc [fl2a/(0)] }, (24) 

LIQUID-PHASE HEAT- AND MASS-TRANSFER 
COEFFICIENTS 

For  general considerations, we use the follow- 
ing expressions for the dimensionless mass- and 
heat-transfer rates: 

N, (0) 
F1 (0) = ( D L / L )  (Cao  - -  C io )  ' (25) 

qi (0) 
F2 (0) = - ( ~ / L ~ t b o  - -  tLO) " (26) 

Over-all mass- and heat-transfer coefficients 
based on liquid-phase, Kon, U are defined by 

N,  (0) = KOL (0) . (Cao  - -  CLo), (27) 

q~ (0) = U (0) . ( tao - -  tLo). (28) 

Combining equations (25), (26) and (27), (28) 
respectively, we get 

KOL (0) . L 
Fa (0) - -  D L  - -  Shr(O),  (29) 

u ( o )  . L 
F2 (0) - -  Z - -  N u z  (0). (30) 

Individual liquid-phase mass- and heat-transfer 
coefficients kL,  hL are defined by 

Ni  (0) = k L  (0) . (Ci - -  Cgo), (31) 

qi (0) ~- h z  (0) . (ti - -  tro). (32) 

Using equations (20), (21), (27) and (28) 

KoL (0) ( D L / L )  • F1 (0) 
k L ( O ) - -  Y*(O) -- y~(O) , (33) 

u (o) (Z/L). & (0) 
hL (0) = z~' (0) ..... z~ i~t)) (34)  

Next the following dimensionless heat- and 
mass-transfer ratio will be introduced. 

( 0 )  - -  
qi (0) Z (ta0 -- ti0) • F2 (0) 

y • Ni  (0) y • DL (Cao  - -  CL0) • Ft (0)" 
(35) 

Combining equations (2b), (4b), (5), (6), (27), 
(31) and (35), then gives 

1 l , m y  (1 - -  a) 1 
KoL (0) --- n ~ k-a + )1 i h a  + kL (0)" (36) 

A similar development for U (0) gives 

1 a - - 1  1 
+ (37) 

V(O) .... ~_h~ h i (6"  

Finally, a time-average quantity for any function 
of time will be defined by the following 
expression: 

1 fo g ( 0 ' ) .  dO'. (38) 
F ( o )  .... o o 

Then 

N~ (0) - -  l~oL (0) . (Coo  - -  CLo), (39) 

q~ (0) =- (1 (0) . ( too - -  tLo), (40) 

RoL (0). L 
F1 (0) =-  DL --  ~ L  (0), (41) 

/5" (0) . L - -  
F2 (0) = ~ - -  NUL (0). (42) 

Defining the following average mass- and heat- 
transfer coefficients kLm, hLm, 

~ (0) ~ kLm (0) . (C,  - -  CLO), (43) 

q~ (0) := hLm (0) . (h  - -  tLO), (44) 

where 

I~OL (0) ( D L / L )  F1 (0) (45) 
k L r n  (0 )  - -  fig (0)  - -  f i t  (0 )  ' 

0 (0) (2t/L) jv~ (0) (46) 
h L m ( O ) = &  ( 0 ) = -  25(0) ' 
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then, corresponding to equations (36) and (37), 
similar relations for Eoz  (0) and 0 (0) are 

1 1 rn7 (1 -- am) 1 

I~OL (0) - -  n . k c  + n . ha  q- kLm (0) '  

(47) 

1 a m  - -  1 1 
+ - - -  - (48) 

0 (0) am • hG hLm (0) '  

in which 

gB (0) ;~ (t co --  tLO) • F2 (0) 
~,~ (0) = 

y • N i  (0) D L  ( C a o  - -  CLO) • F1 (0)" 

(49) 

The required time-average quantities are 
summarized as 

1 
FE (0) --/31 --/3~ [c~1/31 Fo (0,/31) 

- -  c~2 /32 & (o, 32)] 

(k = 1, 2), 
where 

(50) 

1 

exp (/Se0). erfc [/3v/(0)] -- 1} + 

. . . .  (~ ~ o) 
= 1 . . . . . . . . . . . . . . .  (/3 = 0) 

(51) 

J 
e l  - -  CLO ~v/ (DL) /L  

y t  (0 )  - -  CGO - -  C L O - -  31 - -  /32 [ £ 1 1 E o  (0 , /31)  i~ 
- -  C12 E0 (0, f12)], (52) 

e~ (o) - 

where 

lr2 (o) 

it - -  tLO 

tGo - -  tLO 
_ ¢(aL)/L [c21 £0 (0,/31) 

- c12 Eo (0, 32)], 

Eo (0, 13) = 1 - -  Fo (0,/3), 

c21/31 F0 (0,/31) - -  C22/32 F0 (0,/32) I 

(53) 

(54) 

F 1 (0) Cll/31 /t~0 (0, /31) - -  C12/32 F0 (0, /32)~" 

(55) 

NUMERICAL EXAMPLES 

(Case I )  Mass  transfer only 
For the mass transfer in the absence of  heat 

transfer, equation (50) reduces to [4, 5] 

_ ~ ,  (0) 
ShL (0) = 1;'1 (0) = (DL/L)  (Cao - -  CLO) = 

= a l l  f(~7), (56) 
where 

k a n  
~ / (DL)"  ~/(0) (57) 

2 exp V2 . erfc ~7 -- 1 
f (~ ) )  - -  V'(~r) • ~7 + ~92 (58)  

Equation (56) is plotted in Fig. 2. 
For  the liquid-phase mass-transfer coefficient, 

using equations (45), (50) and (52), 

k Lm f (~l) 
k a  • n 1 --.f(~7)" (59) 

This result is shown in Fig. 3. 

1.5 

\ 
1.0 ~. 

4=-L i i 

/ 
CI 1.0 2.0 3.0 

FIG. 2. Ove r -a l l  mass- t ransfer  coeff ic ients.  
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4~:-2 

1,0 2'0 3'0 

FIG. 3. Liquid-phase mass-transfer coefficients. 

(Case H)  The air-water system 
For  the heat  t ransfer  with mass transfer  in 

which n = 0 ,  as in the a i r -water  system, 
equat ion (50) does not  hold. This leads to the 
following modification:  

- -  ~ (0) = a 2 ~ f ( ~ )  
NuL (0) = F2 (0) = (A/L) (t~o - -  tt~0) 

(60) 

l ( 6 1 )  

where 

~ = V(aL)  (ha A + 7"ka • m) V(O) 

, ha • tao + 7"ka (Hao -- b) I 
ta° = ha + 7"k~ . m J 

f ( 0  is also defined by  equat ion (58). Equat ion  (60) 
is plot ted in Fig. 4. Fo r  the l iquid-phase heat- 
t ransfer  coefficient, the following expression can 
be obtained:  

hLm f (~) 
hc  + yk ~  . m = i --  f ( o  (62) 

This result is shown in Fig. 5. 

~fl 

' ° K  "x ! . . . . . . . . .  

r j 

0 - ~  

/ J J 
0 1.0 ~.0 3'0 

F1G. 4. Over-all heat-transfer coefficients. 

(Case HI)  The air-aqueous solution system 
A numerical  analysis for this system is made 

on the following assumptions:  

m = 0.0009 [(kg/kg)/degC] 

n = 0.04 × 10 -3 [(kg/kg)/(kg/ma)] 

DL = 1"5 × 10 -5 [cm2/s] = 0"54 × 10 -5 [mZ/h] 

aL = l-5 × 10 -3 [cm2/s] = 0.54 × 10 -3 [m~/h] 

7' = 595 [kcal/kg] 

A = 0-51 [kcal/m h degC] 

h a = 30 [kcal/m 2 h degC] 

k c, 120 [kg/m2h (kg/kg)]. 

For  convenience, the following dimensionless 
quant i ty  is defined. 

a12 m (tao -- tLo) 
= a i l  = n :-(Ca0 - -  CL0)" (63) 

Then, for  mass transfer,  equations (45), (50) and 
(52) give S h z / a n  and kLm/kan as functions of  
7/ and ~. For  compar ison  with the results o f  
Case I, these numerical  values are shown in 
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+ 

1.5 

t.O 

0.5 

0 I'0 2.0 .~0 

FIG. 5. Liquid-phase heat-transfer coefficients. 

Figs. 2 and 3 respectively. Similarly, for heat 
transfer, NuL/a22 and hLm/(ha + y k a m )  are ob- 
tained from equations (46), (50) and (53) as 
functions of [ and 4'. For comparison with the 
results of Case II, these results are also presented 
in Figs. 4 and 5 respectively. 

In the limit as 0 -+ 0 (thus ~7 and [ -+ 0), 

ShL/all  = 1 + ¢ 

y k a  • m 1 I . (64) NUL/a22 -= 1 + ha + l ' ka  • m " 

kLm, hLm > + oo 

It is to be noted that the results for Case III show 
a dependence on the initial condition parameter 
4, that is not found in the other cases. As can be 
seen from Figs. 2, 3, 4 and 5 this effect of 4, is to 
a greater extent on the over-all transfer co- 
efficients (See Figs. 2 and 4) than on the liquid- 
phase transfer coefficients (See Figs. 3 and 5), 
except for the case of 4, or 1/~b : -- 2. 

In this case, the direction of the mass or heat 
transfer will be changed in the course of transfer 
processes. This predicts the greatest effect of 4' 
on the transfer coefficients. When p,(0) = 0, so 
that the liquid-phase concentration driving 
force (C, - -  CLO) = 0, it is shown that the mass 
flux ?7,(0) or FI(0) does not vanish. It is the same 
with heat transfer. 

RESULTS IN CURVILINEAR CO-ORDINATES 

The previous results for the simplified uni- 
dimensional model will be applicable to the 
analysis of the data, for example, in wetted-wall 
columns. For a jet and a spray of liquid, however, 
the corresponding results may be required in 
curvilinear co-ordinates. 

In these cases, the basic equation reduces to 

~u 
90 = K . V2y (65) 

with the initial and boundary conditions 

at 0 = 0, y = 0 (66a) 

at ~: = 0, y = finite (66b) 

at f = 1, 

~=1 -~ (DL/R) (CGo -- CLO) 

q, 

(A/R) (tco --  tLO) 

with 

(66c) 

= ~ (~, 0), ou, = ff (1, 0) (67) 

~, K, A, and d are given by equations (7), (13) and 
(14) respectively in which L = R. 

The Laplacian operator is obtained by 

" 5-~ ~ b-~ for cylindrical co-ordinates 
V2 = (68a) 

i 1  8 /  8 \  
[ ~ .  ~-~: ~ ~ )  for spherical co-ordinates 

(68b) 

The desired solutions (see Appendix) are 
summarized in Tables 1 and 2. 
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Table 1. Results in cylindrical co-ordinates 

oo 
y (s e, 0) : 1 - -  2 E A ~  Jo (Y~ ~:) exp ( - -  y~o  DLO/R 2) 

k = l  

oo 
z (~:, 0) = 1 --  2 Y. A2t Jo (Yzz s e) exp ( - -  72~ = aLO/R "a) 

/ = 1  

where  

(69) 

(70) 

a • Jo (71z) -- y*t b , .  J ,  (yx~) b~ Jo (y~) 
A 2 l  = (Yll2/aL) " #t  = 7=t~ [{jo-(-~20~ z + {ja-{~,~)}i ] (72) 

( k , l =  1 ,2  . . . .  ) 

-- C(DL " az) (an + aza) J~ (Yt~') J1 (y~h-) (73) 

in which  ye [ =  y~C(DL)  = y,~-C(aL)]'s are the  character is t ic  roo t s  o f  the fo l lowing  equa t ion  (74). 

0 = A(y) ~ O.Jo(YOJo(y~) -- a~y~J~(y~)Jo(y~) -- al, y2Jo(yOJt(y~) ~ 7~ 7 ~ J ,  ( e l ) J r  (y~). (74~ 

I n  addi t ion,  

Nt  (0) = F t  (0) = 2 Y. Aa~c y t x J t  ( 7 1 k )  "exp  ( - -  7 ~  z DLO/R ~) (75) 
(D~/R) (Cao -- CLO) ~:=l 

o~ 

q, (0) F= (0) ~ 2 Y~ Aet yat J1 (y~z) ' exp ( - -  7.,t e aLO/R a) (76) 
(a iR)  (.1Go-- ]LO) = l--1 

Table 2. Results in spherical co-ordinates 

where  

o o  _ _ n  • y (~:, 0) = 1 + 2 Y. BI~ sin (ylk~:) exp ( - -  yl~ 2 DLO/R z) (77) 
k - 1  ~: 

GO 
z (~:, 0) = 1 ÷ 2 ~] B2t s in (yzff) . exp ( - -  727 aLO/R ~) (78) 

al ' s in Y2g ÷ 7~g " b l  " cos  72k bl (79) 

ylk I - -  t ~'1~ sin rTrl~J 

Bz~ = o2 " s in yx~ + yxz • b2" cos  yll = _ b2 . . . .  (80) 
(7t?/aL)" ~, [cos y,t 1 ] 

72z=t 7~i sift  7=, 

(k, l = l ,  2 . . . .  ) 

~ k =  [~ ' -b (a~2- -1 )aL_DLTl~]COST~e . s iny2e÷ [C ~ - ( a ~ - - l ) D L - - a L 7 2 ~ , ] s i n y ~ e . c o s T ~  

- [DL ( a n  --  1) + aL (a== --  1)1 sin 71~ • sin y.a~ + C ( D , .  • = D  ' ( a n  + a~2) cos elk ' cos  y~k, (81) 
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Table 2--continued 

629 

in which 

e '  = ( a l l .  - -  1) ( a ~  - -  1) - -  ax~ a2t "1 
et = b t  (a~z - -  1) - -  b~ a ~  ~ .  (82)  

3 ~ r z = b ~ ( a n - -  1 ) - - b l . a ~ x  

~,x[= ~,ae~/(Dz) = ~'2~/(aL)]'S are the characteristic roots of the following equation (83). 

0 = -- A@) ~ ~r' • sin ~'x "sin y~ + (a2~ -- 1) ~'1 cos ~,t • sin Y2 + (a~t -- 1) ~,~ • sin ~q • cos ~,~ + ~q ~'2 cos ~,~ • cos ~,~. 
(83) 

In addition, 

N~ (0) = F1 (0) = 2 ~ Bxe (~'1~ cos yx~ -- sin ~'ie) • exp (-- "}tlk 2 DLO/R~), (84) 
(DL/R) (Coo -- CLo) k=o 

q~(O) = F2 (0) = 2 ~ B2t (~2~ cos ~'2t -- sin ~'2~) "exp (-- y2t ~ aLO/g~). (85) 
()t/R) (too -- tLo) z=l 
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APPENDIX 

Notes on Derivation 
F o r  the p resen t  purpose ,  it  is c o n v e n i e n t  to  use 

the  L a p l a c e - t r a n s f o r m  m e t h o d  a n d  ma t r ix  
n o t a t i o n  [6-9]. 

(1) Rectangular co-ordinates 
The  Laplace  t r a n s f o r m  o f  y(~,  0) wi th  respect  

to  0 is def ined by  

- ~  [y]  = ~ (s e, s) = I ~  Y ( se, 0) . e -so dO ] 

= [Yl] = [Y(~:, s)] ) .  (A.1) 

L~e [z]J Lz (#, s) J 

Then ,  the Laplace  t r a n s f o r m  o f  the foregoing  
basic  e q u a t i o n  a n d  its b o u n d a r y  c o n d i t i o n s  
(10), (11) reduces  to the fo l lowing  o r d i n a r y  
differential  e q u a t i o n :  

dZ0~ 
- Q ~  ~ ,  

d ~  

wi th  the b o u n d a r y  cond i t i ons  

a t  

~ = 0 ,  ~ ~ = o - s  
at  

~: = ~ ,  ~ = finite, 

where  

(A.2) 

- - - -  A . ~¢~ (A.3a) 

(a.3h) 

0 
Q = [L~v/(oS/DL) L~/(S/aL) ]" 

The  so lu t ion  o f  e q u a t i o n  (A.2), (A.3a)  a n d  
(A.3b)  is readi ly  f o u n d  to be  

(~:, s) = exp ( - -  Q~:) . c~ = 

C1 • exp [ - -  ~L~/(S/DL)]'~ (A.4) 

Cz exp [ - -  ~LC(S/aL)] 3 

where  

C1 = 

C2 = 

[x/(DL)/L 2] [bl L'x/(s) + cr~/(aL)] 
S ['V/(S) -'1- i l l]  ['~¢/(S) -}- f12] 

[V'(aD/L 2] [b2 LV'(s) + ~/(DL)] 
s [~/(s) + tl]  t~/(s) + t~1 
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The inverse transform ~ (s ~, 0) = ~ 1 [,~ (~:, S)] 

may be obtained by use of the transform relation 

£~O_lfa • exp [ k~/(s)]~ 
~ [ x ) ( s ~ a  i j == erfc [k/2~/(O)] 

-- exp (ak 4- a20) . erfc a~/(O) ÷ 2~/(0) " 

The final results are given by equation (15) and 
(16). 

(2) Cylindrical co-ordinates 
The Laplace transform of equations (65) and 

(66) reduces to 

dZ~ 1 d ~  
• _ Q 2 ~  0 ( A . 5 )  ds~2 4- ~ d~: 

with the boundary conditions 

at ~: = 0, ~ -- finite (A.6a) 

d ~  I ~ A ~ .  (A.6b) at s ~ = l ,  d ~  ~=1 = s- - -  " 

The transform solution is obtained in terms of 
Bessel functions 

off (~:, s) = J0 (i • Q~:) . W -- 

C1 Jo [i~R~/(S/DL)]~, (A.7)  

C2 go [i~Rx/(S/aL)] ) 
where 

• Jo (0-~) + 0-~ b~ Jo (-2) 
C l =  

s .  A ( s )  

t 

o" . JO ( a l )  ~- a l  52 J 0  ( °'1 ) 
c~ = ~x(S) S 

with 

al = iR%/(S/DL), a2 := iR~/(S/aL), 

A(S) ~ o-J0 ( a l )  J0 (a2) -Jr- a l  a22 J ;  (a l )  J0 (0-2) 

+ a2 all  J0 (0-1) Jo (~2) + 0-1 0-2 J; (~1) Jo (~'~). 

The inversion of equation (A.7) may be accom- 
plished by means of the Heaviside partial 
fractions expansion theorem (o'r the method of 
residues) and several properties of Bessel 
functions. The final results are shown in Table 1. 

(3) Spherical co-ordinates 
If we make the substitution 

~Z (~:, 0) = ~ .  ~ (~:, 0) (A.8) 

the equations (65) and (66) are 

~ ~2~ 
~0 = K ~¢2 

at ~ :=0 ,  ~ = 0  

at s e - l ,  

(A.9) 

(A.10a) 

~ ' [  = { ' --  (A -- E) ~'~ (A.lOb) 

where E = unit matrix. 
This problem can now be solved by the 

methods mentioned above. 

R6sum6--On recherche le transport de chaleur et de masse simultan6 en r6gime non permanent 
entre Fair et une solution aqueuse pour pr6dire les coefficients de transport de chaleur et de masse. 
On a obtenu des expressions en coordonn6es rectangulaires cylindriques et sph6riques, en combinant 
la th6orie du "film" et la th6orie de la p6n6tration. L'effet de la condition initiale sur les coefficients de 

transport est accentu6 dans ces syst6mes. 

Zusammenfassung--Der instationiire, simultan ablaufende Wfirme- und Stofftransport zwischen 
Luft und wfissriger L6sung wurde untersucht, um WArme- und Stoffiibergangskoeffizienten der 
fliissigen Phase zu bestimmen. Durch Kombination der Film und der Eindringtheorie liessen sich 
Gleichungen ableiten sowohl fiir rechtwinklige Koordinaten, als auch ffir Zylinder- und Kugel- 
koordinaten. Der Einfluss der Anfangsbedingungen auf die Obergangskoeffizienten wird in den 

Systemen deutlich. 

Am~[oTatLH$[--I/iccae~lyeTcg HecTaI~noHapHLIfi n p o u e c c  TeYIJIO-14 _~iacc, OO6MeHa Me~Ay BO3- 
~yXOM 14 BOJ~HbIM pacTBOpOM paaanqnL~x Be~eCTB C Ueabm o n p e ~ e ~ e H n n  HO0~I4I~HeHTOB 
Ten~Io-H Maceonepetfoca  A:I~ mu~l~o~t H ra3oo6pa3Hoi~I ~a3 .  HyTeM COBMeCTHOFO HpliMeHeHH~t 
IIJIeHOqHOlYl TeOpHH H TCOpHICI HEOHIJHHOBeHHH HoaIyqeH1~I COOTBeTCTByIOII~He BI~IEaH~eH14~ B 
n p n M o y r o n b n u x ,  ~ u a n u a p n q e c H n x  ~ cqbepnqecKnx Koop~aHarax .  1-Io~qepmmaeTca BaHnune  

n a q a n b n b I x  yeOlOBn~ Ha t¢oa~q~HtDienTbI n e p e r m c a  B OTI, IX cncweMax. 


